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Bayesian nonparametric mixture models

G =
K∑

k=1

wkδθk , f (.) =
∫

f (.|θ)G(dθ) =
K∑

k=1

wk f (.| dθk )

G: latent mixing measure, f : kernel, K < ∞ or K = ∞
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Popularity of mixture models

Motivations:
First generalisation of population homogeneity
Model-based clustering
Flexible density estimation
Interpretability
Applications in many fields: genetics, ecology,
epidemiology, image analysis, etc

Pearson’s crab data (1894) What if K unknown?
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Allocation variables, clusters, components

Model-based clustering framework:

X1:n = (X1, . . . ,Xn) , Xi ∈ χ ⊂ Rp

G =
K∑

k=1

wkδθk , θ1:K = (X1, . . . ,Xn) , θk ∈ Rd

f X (x) =
∫

f (x |θ)G(dθ) =
K∑

k=1

wk f (x | dθk )

Hierarchical representation with allocation variables Z1:n:

Zi |w1:K
ind∼ Categorical(w1:K )

(
or

K∑
k=1

wkδk

)
Xi |Zi , θ1:K

ind∼ f (.|θZi )

Z1:n define a random partition A1:Kn of {1, . . . ,n} into Kn
clusters. 4 / 28



Allocation variables, clusters, components
An important distinction (Frühwirth-Schnatter et al., 2021):
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K : number of components in the mixture model
Kn: number of clusters in the data X1:n

Clearly, Kn ≤ K
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A typical question of interest

Mixture models are often used to answer one of these two
questions:

A typical applied question
Given data X1:n generated from a mixture model with K
components, we want to infer the number of clusters Kn in the
data.

How many clusters in my dataset?

A typical inference problem
Given data X1:n generated from a mixture model with K0
components, we want to infer K0.

What is the latent structure of my (infinite) population?
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Some classic approaches

Finite mixtures
Fit many models with different K and select the best one
according to some criterion (BIC, AIC, ICL, etc., e.g.,
Keribin, 2000)
Use overfitted mixtures with K > K0 and infer Kn from its
posterior distribution (e.g. Rousseau and Mengersen, 2011)

Mixtures of finite mixtures
Place a prior on K and infer K0 from the posterior
distribution (e.g., Frühwirth-Schnatter et al., 2021)
Place a prior on K and infer Kn from the posterior
distribution

Infinite mixtures
Set K = ∞ and infer Kn from its posterior distribution (e.g.
Lo, 1984; Escobar and West, 1995; MacEachern and
Müller, 1998, etc.)
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A typical evaluation framework

Given data X1:n generated from a mixture model with K0
components.

Take Kn the number of clusters in the data as estimator of
K0.
Study the asymptotic behaviour of Kn as n → ∞.

Does Kn converge to K0 as n → ∞ ?

Comments:
Validity can be discussed (mixing ■ and ■).
Possible (frequentist) justification: there is a population
with a fixed underlying structure which you can sample,
you want a procedure that has the minimal requirement of
recovering it with enough data.
Possible justification: studying the asymptotic behaviour of
Kn for our favourite models sheds light on how they work
and may be used.
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Overview of existing consistency results

Quantity of
interest

Finite Infinite MFM

K = K0 K ≥ K0 K = ∞ K random

Dens. f X
0 ✓ [RGL19] ✓ [RGL19] ✓ [GvdV17] ✓ [KRV10]

Mix. meas. G0 ✓ [HN16] ✓ [HN16] ✓ [Ngu13] ✓ [Nob94]
Nb of comp. K0 N/A × / ✓[ours] × / ✓[MH14,

ours, ALRZ22]
✓ [GHN21]

Note: Consistency is indicated with ✓ and inconsistency with ×.

[RGL19] Rousseau et al. (2019) Thm. 4.1, [GvdV17] Ghosal and Van der Vaart (2017) Thm7.15,
[KRV10] Kruijer et al. (2010), [HN16] Ho and Nguyen (2016b), [Ngu13] Nguyen (2013), [Nob94] Nobile
(1994), [MH14] Miller and Harrison (2014), [ALRZ22] Ascolani et al. (2022), [GHN21] Guha et al. (2021)
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Infinite mixture models

Why would we want to set K = ∞?
K = ∞,Kn < n
A single prior automatically adapting to n
Bypasses manual model selection (no AIC/BIC needed),
automatic sparsity control
Surprisingly tractable (conjugacy, exact sampling
algorithms)
Novelty never exhausted
Full uncertainty quantification over partitions
Nonparametric guarantees, robustness to misspecification

Many Bayesian nonparametric priors:
The Dirichlet process (Ferguson, 1973): Kn ≍ α log n,
actually quite informative
The Pitman-Yor process (Pitman and Yor, 1997):
Kn ≍ Sα,σnσ, more flexible/realistic
NRMIs, Gibbs-type. . .
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Outline

Posterior number of clusters
Existing inconsistency results (Miller and Harrison, 2014)
Extension to Gibbs-type processes & multinomial
processes
Hyperpriors may restore consistency (Ascolani et al., 2022)

Estimating the number of clusters from the latent
measure

Rousseau and Mengersen (2011) framework for overfitted
mixtures
Consistent posterior processing strategies (Guha et al.,
2021)
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Context: asymptotic behaviour of the posterior number
of clusters

A priori, for both finite and infinite mixtures Kn
a.s.−−−→

n→∞
K (e.g.

Argiento and De Iorio, 2022)

What happens a posteriori?

Here we study the asymptotic behaviour of the posterior
distribution of Kn when data is generated from a mixture
model with K0 components.

Definition (Posterior consistency for the number of
clusters): The posterior distribution of Kn is consistent for K0 if,
for any data-generating distribution with K0 components,

Π(Kn = K0|X1:n)
a.s.−−−→

n→∞
1

in Pf X
0

-probability, where f X
0 is the data-generating density.
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Miller & Harrison (2014/2018): inconsistency of Kn

Setting. Data are generated from a finite mixture with K0
components; we fit a Dirichlet or Pitman–Yor process mixture
and study the posterior of the number of clusters Kn.

Result (Thm. 6 in Miller and Harrison, 2014). Under mild
assumptions on the component family and the prior on
hyperparameters,

lim sup
n→∞

Π(Kn = K0 | X1:n) < 1,

i.e., the posterior for Kn is inconsistent for K0.
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Condition 1: the partition ratio

Structure of the proof: prior partition control

This condition holds for Gibbs-type processes and
multinomial processes.
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Condition 1: the partition ratio

Structure of the proof: prior partition control

Condition 1 (as in Miller and Harrison, 2014).
For n > k ≥ 1,

cn(k) =
1
n

max
A∈Ak (n)

max
B∈ZA

p(A)
p(B)

satisfies

lim sup
n→∞

cn(k) < ∞.

This condition holds for Gibbs-type processes and
multinomial processes.
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Extension to multinomial processes

Not just a problem of infinite mixtures!

Multinomial Processes (Lijoi et al., 2020, 2024) (hierarchical
form.).

Dirichlet-Multinomial process (DMP):

GK | GK ,0 ∼ DP(α,GK ,0), GK ,0 =
1
K

K∑
k=1

δθk , θk ∼ G

Pitman-Yor multinomial process (PYMP):

GK | GK ,0 ∼ PY (σ, α,GK ,0), GK ,0 =
1
K

K∑
k=1

δθk , θk ∼ G

Normalised Infinitely Divisible multinomial process
(NIDM):

GK | GK ,0 ∼ NRMI(c, ρ,GK ,0), GK ,0 =
1
K

K∑
k=1

δθk , θk ∼ G
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Simulated data illustration: DMP

Posterior distribution for Kn under a DMP (α = 1,K = 10), with K0 =
3, µ1 = (0.8,0.8) , µ2 = (0.8,−0.8) , µ3 = (−0.8,0.8) ,Σ = 0.05I2.
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A change of perspective: considering the latent mixing
measure

So far, we have considered the posterior number of clusters Kn
in the data.

Alternative: consider the number of components in the latent
measure G =

∑K
k=1 wkδθk .

Nguyen (2013); Ho and Nguyen (2016a) show the convergence
of the latent mixing measure G to the true mixing measure G0
in the Wasserstein metric in finite and infinite mixtures.

Convergence of G to G0 does not imply that Kn → K0,
components with vanishing weights may still produce
observations as n → ∞, but we may be able to read K0 from
the posterior distribution of G.
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Rousseau and Mengersen (2011) framework

Rousseau and Mengersen (2011)
Asymptotic behaviour of the posterior distribution in overfitted
mixture models.
Journal of the Royal Statistical Society: Series B (Statistical
Methodology), 73(5), 689-710.

Setting: Finite (overfitted) mixture model with K > K0
components, data generated from a mixture model with K0
components.

Result: Under mild conditions on the component family and the
prior on the weights, the posterior distribution concentrates on
configurations where the extra components are emptied or
merged with true components.
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More details

Condition 2:
The prior on the mixture weights must have the form:

p(w1:K ) = C(w1:K )w
α/K−1
1 · · ·wα/K−1

K

where C(.) is bounded from above and below.

With some further conditions on the kernel, there are two
asymptotic regimes as n → ∞:

If αmax < d/2, the weight of extra components → 0.
If αmin > d/2, the extra components are merged with true
components (multiple atoms at the same location).

In practice:
Trim small weights below a threshold (going to 0 as
n → ∞).
Or merge components which are at the same location (and
sum weights).
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Applicability

Proposition 3
The DMP mixture model
satisfies the condi-
tions of Rousseau and
Mengersen (2011): for
some α, emptying of
extra clusters.

Proposition 4
For the PYMP, even in
the case σ = 1/2 where
a prior density for the
weights exists, Condi-
tion 2 is never satis-
fied.

DMP, K0 = 3, α = 1,K = 10
20 / 28



The Merge-Truncate-Merge (MTM) algorithm

Guha et al. (2021)
Posterior contraction of parameters in overfitted mixture
models.
Annals of Statistics, 49(2), 1113-1144.

Setting: Data generated from a mixture model with K0
components. Let Gi be a posterior sample of the latent mixing
measure G.

Result: If the Bayesian procedure is such that ∀δ > 0

Π (G : Wr (G,G0) ≤ δωn | X1:n)
PG0−−−→

n→∞
1,

with ωn = o(1) a vanishing rate, r ≥ 1 then the MTM algorithm
produces consistent estimates of K0 (and G0).
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Suppose we know ωn : Wr (G,G0) = o(ωn) for posterior sample
G.

First: merge atoms which are closer than ωn. 22 / 28



Suppose we know ωn : Wr (G,G0) = o(ωn) for posterior sample
G.

Second: truncate atoms with mass lower than a threshold
t(ωn, c, r) depending on ωn and an unspecified constant c. 23 / 28



Suppose we know ωn : Wr (G,G0) = o(ωn) for posterior sample
G.

Third: merge again atoms which are closer than a threshold. 24 / 28



Summary of the Merge-Truncate-Merge algorithm

Given ωn : Wr (G,G0) = o(ωn) for posterior sample G and
constant c.

G̃, the output of the MTM algorithm, has K̃ components and
satisfies

Π
(

K̃ = K0 | X1:n

)
→ 1 in probability. 25 / 28



Consistency results with Merge-Truncate-Merge

Dirichlet process:
Posterior consistency for
K̃ by MTM (Guha et al.,
2021)

Pitman-Yor process:
from Scricciolo (2014)
we deduce ωn for a
univariate location mix-
ture (known scale) and
obtain posterior consis-
tency for K̃ by MTM.

Overfitted mixtures:
Posterior consistency for
K̃ by MTM also holds.

MTM applied to posterior samples.

Plateau helps choose the constant c. 26 / 28



Overview of existing consistency results

Quantity of
interest

Finite Infinite MFM

K = K0 K ≥ K0 K = ∞ K random

Dens. f X
0 ✓ [RGL19] ✓ [RGL19] ✓ [GvdV17] ✓ [KRV10]

Mix. meas. G0 ✓ [HN16] ✓ [HN16] ✓ [Ngu13] ✓ [Nob94]
Nb of comp. K0 N/A × / ✓[ours] × / ✓[MH14,

ours, ALRZ22]
✓ [GHN21]

Note: Consistency is indicated with ✓ and inconsistency with ×.

Conclusion: use only Mixtures of Finite Mixtures?
Maybe in this specific framework, but we typically want the prior Kn
(model complexity) to grow with n.
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Not discussed today

Loss-based Bayesian estimators:
show good empirical performance: Wade and Ghahramani
(2018), Dahl et al. (2022)
but theoretical analysis is difficult:

Chambaz and Rousseau (2008) consistency for the MAP of
the number of clusters in finite 1D mixtures
Rajkowski (2019) studies the MAP partition in DP mixtures
Alamichel and Ascolani in Alamichel’s PhD thesis
Lawless’ PhD thesis

Priors changing with n: Ohn and Lin (2023); Zeng et al.
(2023)
Repulsive mixtures: Petralia et al. (2012); Xie and Xu
(2020); Beraha et al. (2025); Ghilotti et al. (2025), etc.
More realistic data-generating processes: number of
clusters growing with n, discussed in Yang et al. (2020)
Misspecification (Cai et al., 2021; Guha et al., 2021)

28 / 28



Summary

Thanks for your attention ! Want further details ?

Alamichel, L., Bystrova, D., Arbel, J., & Kon Kam King, G.
(2024). Bayesian mixture models (in) consistency for the
number of clusters. Scandinavian Journal of Statistics,
51(4), 1619-1660.
Lawless, C., Arbel, J., Alamichel, L. & Kon Kam King, G.
(2023). Clustering inconsistency for Pitman–Yor mixture
models with a prior on the precision but fixed discount
parameter. In Fifth Symposium on Advances in
Approximate Bayesian Inference.

contact: guillaume.konkamking@inrae.fr
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Karl Pearson’s crab data: https://ms.mcmaster.ca/
peter/mix/demex/excrabs.html
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