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Hawkes process

Linear Hawkes process on the real half-line

With exponentially decaying intensity:

t
At)=n+p /_ Be P35I N (ds).

Conditionnal intensity
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Hawkes process as a branching process
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In the literature

o Self-exciting and clustering properties.
@ Many disciplines of application:

o seismology (Adamopoulos, 1976), neurophysiology, finance (Bacry,
Mastromatteo, and Muzy, 2015), genomics (Reynaud-Bouret and
Schbath, 2010), epidemiology, etc.

o general review (Reinhart, 2018).

@ Interesting properties:

o Poisson cluster process: each cluster is a continuous-time
Galton-Watson tree (Hawkes and Oakes, 1974).

° Martlngale properties of N(t fo s)ds and
( - fo S 8) B fo

° Erlang kernel — piecewise deterministic Markov process (Duarte,
Loécherbach, and Ost, 2019).
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Case-study: transmission of Measles in Tokyo?
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Gaussian reproduction kernel: h(t) = m}% exp (—(tZ_JVQ)2>
e U =9.8 days,c = 5.9 days

Epidemiology (Centers for Disease Control and Prevention, 2015)

Incubation period: 10-12 days after exposure.

Transmission period: 4 days before to 4 days after rash onset.

https: //www.niid.go.jp/niid /en/survaillance-data-table-english.html|
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@ In epidemiology, i ~ Ry (basic reproduction number).

e Problem: p fixed, must be < 1 for sub-criticality of the process.

e Extension possible in the framework of local stationarity (Dahlhaus,
1996; Roueff, Sachs, and Sansonnet, 2016).

e Strict upper limit sup,cp{u:} < 1.

e Galton-Watson with random environment (Smith and l 3 i )

Wilkinson, 1969; Athreya and Karlin, 1971). [ \\ y/' :

e Reproduction law different between each generation. i
o Extinction of the process almost sure if
E [log pu(w)] < 0, AWASPD

with p(w) the mean reproduction at a given
generation.
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@ Hawkes processes in random environment
@ Some properties
@ The EHPOU model

© Statistical inference through EM
@ EM and Sequential Monte Carlo
@ Nice illustrations
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Hawkes process with random environment (HPRE)

@ Usually, random environment with Hawkes process is meant as
t t
NO =7+ n [ b= sN@s) + [ o),
0 0

o CSBPs with random environments obtained as scaling limits of BPREs
(Bansaye and Simatos, 2015; Bansaye, Caballero, and Méléard, 2019).

o No direct dependency on further generations.

e Strong assumptions of exponential kernel h = exp.

e Existing works (Dassios and Zhao, 2011; Lee, Lim, and Ong, 2016) as
t
At)=mn +/ Xh(t — s)N(ds).
0

o No systematic characterisation of the process (existence, stationarity)
when the reproduction number increases above 1.
o Assumption of exponential kernel h = exp.
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Existence of HPREs

Our framework for HPREs:

—n+/¢ Bt — 5)N(ds),

with > 0, [ h =1, and ¢ a non-negative function.

Proposition

Let @ denote the unitary bivariate Poisson point process. Assume that
(Xt)ter is locally bounded almost surely. Then there exists a pathwise
unique HPRE, with bounded intensity \ satisfying, for all ¢ > 0,

—n+/¢ h(t — s)N(ds),

N([O,t]):/o/o 101 Q(ds, d6).

Idea of the proof: Picard’s iteration proof for ODEs.

.
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A simulation of a HPRE

Random environment (X;): alternating renewal process.
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Discretisation scheme for HPRE

@ Assume X, satisfies the EDS
dX; = b(Xt)dt + O'(Xt)dBt.

e Euler scheme X' on [0, 7] with discretisation step T'/n.
e HPRE N™ with intensity

M=ot [ oCanG - N,

Proposition

Suppose that b(-) and o(-) are globally Lipschitz. Then there exists an
increasing function K (-) such that, for any "> 0 and n > 1,

K(T)
N

P </OT|N(dt) — N™(dt)| # 0) <
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The EHPOU model

Exponential Hawkes Process driven by Ornstein-Uhlenbeck.
dXt = —(X(Xt — ,u)dt + Uth,
t
N=n+ [ o) g INs),
0

with initial conditions X ~ N (p1,0%/(2a)) and N(R™) = 0.

Stability of EHPOU
Let [, = E[)\t ] (Xv)vzo]]- Then,

li=n [1 + /0 t B(X,)Be Pt exp ( / t 5¢(Xu)du) ds] .

i The EHPOU is sub-critical if E[¢p(Xp)] <17

Idea of the proof: Gronwall's lemma.
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A simulation of an EHPOU




Embedded chain

Some properties

@ The joint 3-uplet (X, A\, N¢)¢>0 is jointly Markovian;
e Conditionally on (X3)t>0, (A, Nt)t>0 is a PDMP.

Let T; denote the arrival times of the process, and 7, = T; — T;_1. Then,
with abuse of notation, the chain (X;, \;, 7;) = (X1,, Ay, 7;) is a discrete
time Markov chain with transition satisfying the following graph:
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Inference using EM

Estimation of the parameters § = (u, o, 02,1, 3) through usual
Expectation-Maximisation algorithm:

log o (Ne)i20) = Epy((xi)m, |(m)n ) [10g Do (Xis Aiy )i )]
where

log po ((Xi, \iy 7i)i1) Zlogpo Xy Ajs 75 | Xjo1, Aj—1, 7j-1)-

o Given 6, obtained at nt" iteration:
o E-step: Compute By, ((x;x,)|(m))log po((Xi, Ai, 72))]-

o Or rather, its Monte-Carlo approx. Zkzlw )logpg((Xi(k),/\(k),T(k))).
o M-step: Find 0,1 = arg max Epy (X0 (7)) 108 Po (Xis Aiy 72))]-

Guarantees that log py, ., ((N¢)i>0) > logpg, ((Ne)¢>0). J
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Particle filtering

Problem: py, ((Xi, Ai)iy | (i)i=;) is unknown. J

Estimation through Sequential Monte Carlo (Douc, Moulines, and
Stoffer, 2014).

initialising weighting  resampling  perturbing weighting
4 bo
- gecee -
)/ - - 000 - - -
b

[~ |

t=0 t=1 t=1 t=1 t=2

(Alvares, 2017)

For all j, this constructs samples {(X; (k) )\ )}k 1 under the filtering law
po(Xj, A | (Xi,Ai)izﬁ-
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Approximating the smoothing distribution

We want to approximate py(X;, Aj | (X, Ai)inq). J

@ Usually through some backward pass on the generated particles, e.g.
Poor man's smoother.

e FFBSm/i algorithms (Douc, Moulines, and Stoffer, 2014) fail here due
to A; being conditionally deterministic given X;, A\;_1 and 7;_1.
e Lagged SMC: let [ > 0, then

E[h(Zj_l,Zj) ‘ Tl:n] ~ E[h(Zj_l,Zj) | Tl:jJrl]-
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On Touille? tous ces objets

2Cette charmante chatonne de 8 ans s'appelle Touille.
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of the EM-estimated parameters

T = /\\/\/\/_\/\/\_/\
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Estimation of the OU trajectory

Conditional intensity
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Conclusion

@ Some first properties for the HPRE (existence, stability,
isubcriticality?).

e “Working" statistical inference.

@ Perspectives:

o Study the tail distribution of the EHPOU.
e Fine-tune the EM algorithm.

Thank you for your attention!
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